Abstract: The subject of this paper is the development of a nonlinear parametric identification method using chaotic data. In former research, the main problem in using chaotic data in parameter estimation appeared to be the numerical computation of the chaotic trajectories. This computational problem is due to the highly unstable character of the chaotic orbits. The method proposed in this paper is based on assumed physical models and has two important components. First, the chaotic time series is characterized by a "skeleton" of unstable periodic orbits. Second, these unstable periodic orbits are used as the input information for a nonlinear parametric identification method using periodic data. As a consequence, problems concerning the numerical computation of chaotic trajectories are avoided. The identifiability of the system is optimized by using the structure of the phase space instead of a single physical trajectory in the estimation process. Furthermore, before starting the estimation process, a huge data reduction has been accomplished by extracting the unstable periodic orbits from the long chaotic time series. The method is validated by application to a parametrically excited pendulum, which is an experimental nonlinear dynamical system in which transient chaos occurs.
. The deterministic character of chaos implies the theoretical possibility of using chaotic data in parameter estimation methods. The following describes a nonlinear parametric identification method using chaotic data. The assumption is made that the deterministic mathematical model-in this case a set of differential equations-can be derived using physical laws. As a consequence, the identification goal is reduced to estimating the unknown parameters in the differential equation. Fitting the parameters to a chaotic time series has the advantage that the phase-space is filled better by a chaotic time series than, for example, by just one periodic orbit. The better the data covers the phase space, the smaller the probability that essential parts of the dynamical behavior of the system are missed. This means that the identifiability of the dynamic system gets better and the accuracy of the obtained model will be higher. Earlier attempts in modeling nonlinear dynamical systems using chaotic data can be roughly divided into two classes:
1. The first class consists of the parameter estimation in nonlinear maps (Abarbanel, Brown, Sidorowich, and Tsimring, 1992) . It is assumed that information on the temporal evolution of orbits q(k)-that lie on a compact attractor-and their neighborhoods in the phase space is available. This information can be used to estimate parameters a in nonlinear maps: q -F(q, a), which evolve each q(k) -~ q(k + 1 ). After a metric, which measures the quality of the fit, has been defined, the problem is reduced to determining the parameters a in the map given a class of functional forms F (chosen from physical reasoning). The nonlinear maps are discrete and often local models. For an obvious reason, continuous global models, for example differential equations, are preferred above discrete local maps. 2. The second class deals with a method that fits ordinary differential equations to chaotic data (Baake, Baake, Bock, and Briggs, 1992 (1992) it is stated that this error-propagation problem can be adequately tackled by the boundary-value-problem methods for parameter estimation in ordinary differential equations-see Bock and Schlbder (1986) and Bock ( 1987) -by choosing the subintervals sufficiently small. In Figure 1 , the method is illustrated by means of a flowchart. This flowchart makes clear that the estimation process consists of minimizing the discontinuities in the numerical solution (of the multiple initial value problem) as well as the difference between the measurements and the continuous numerical solution simultaneously.
Some problems that remained are the applicability to real-world systems with dimensions higher than three, the treatment of very long time series, and the applicability to real experimental data. In the following, a different approach will be presented and discussed. In this approach, chaos is described by a skeleton of unstable periodic orbits (see Van de Water, Hoppenbrouwers, and Christiansen, 1991) . These unstable periodic orbits are used as the input information for the estimation of the parameters of the differential equation describing the system. The developed methodology will be illuminated through application to a specific system, that is, a parametrically excited pendulum. Two kinds of information concerning the unstable periodic orbits can be distinguished: (a) information on the position of the unstable periodic orbits in the phase space and (b) information on the stability of the unstable periodic orbits. Both could be used as input information for an estimation process. In the research covered by this paper, only the position of the periodic orbits in the phase space was used.
Parametrically Excited Pendulum
To illustrate the principal line of thought, the periodic orbit analysis from chaotic data will be demonstrated for the parametrically excited pendulum developed by Van de Water et al. (1991) . In Figure 2 , the pendulum is drawn schematically. In the following, a suitable mathematical model for the parametrically excited pendulum, in the form of a differential equation, will be discussed.
Ideally, a pendulum, whose mass is concentrated at its end and whose support is lifted periodically, would be described by the well-known differential equation:
However, accurate modeling of the actual experiment introduces extra terms in equation (1) that reflect the presence of other damping forces and allow for the noticed peculiarity of the excitation. Besides the friction force represented by the term proportional to ~, air resistance introduces a term proportional to (~)2sgn(~), and the bearings will counteract the motion through a Coulomb friction term that only depends on the sign of 0. In summary, the original equation of motion has to be augmented to with where é (E < 1) is the ratio of the lengths of the two rods that make up the driving crank mechanism. Van de Water et al. ( 1991 ) estimated the damping constants A:), k~, and k3 by measuring 0 in an unexcited, freely swinging pendulum released at 0 = 7r at t = 0 and adjusting ki, k2, and k~ to obtain the best agreement between measurement and simulation, with equation (2) 
This results in
The estimated stable and unstable eigenvalues of the periodic orbits are the eigenvalues of A~. Figure 4 shows the periodic points belonging to the cycles with period times up to length 5 that were found from a simulated time series of 1,048,576 data points. Similar results are obtained by applying the periodic orbit analysis to an experimental time series of 42,754 points (see Van de Water et al., 1991 Fey, 1992; Verbeek, 1993; and Verbeek et al., 1995) . The local stability of these periodic solutions can be investigated using Floquet theory.
NONLINEAR PARAMETRIC IDENTIFICATION USING CHAOTIC DATA
The periodic orbit analysis and the nonlinear parametric identification method using periodic data are coupled to form a nonlinear parametric identification method using chaotic data. The estimation strategy is shown in Figure 6 . The measured outputs in Figure 6 consist of the simulated or experimental chaotic time series. These chaotic time series (see Figure 3) (o and ~ values) of the periodic points is used in the object function that is to be minimized in the parameter estimation program. However, the output of the periodic orbit analysis also contains information on the stability of the periodic points. Information on the local stability of the numerically computed periodic solutions can be obtained using Floquet theory. The object function, defined in the parameter estimation routine, could be augmented with the difference between the eigenvalues estimated in the periodic orbit analysis and eigenvalues computed using Floquet theory. Then not only the position in the phase space but also the eigenvalues of the periodic points form the criteria that measure the quality of a set of given estimates of the model parameters.
RESULTS
The estimation strategy visualized by Figure 6 was followed, using a simulated and an experimental chaotic time series as the measured outputs. The results will be discussed in the following subsections.
Using a Simulated Time Series
The simulation data were produced by integrating equation (2), using the parameters given in subsection 2.2. This resulted in the time series depicted in Figure 3 . No noise was added to the data. From this equation, it is clear that the parameters m, 1, k2, and k~ cannot be estimated simultaneously, because these parameters do not represent independent terms in the differential equation. The parameters Aex~, w, and g are supposed to be known. Furthermore, it is expected that the estimation of the mass m and the friction parameters ki (i = 2, 3) is more difficult than the estimation of l, which is the most characteristic feature of the pendulum. The different goals of the estimation process therefore are (a) to obtain quantitative knowledge of the physical paramaters m, l, kl, k2, and k3 and (b) to obtain quantitative knowledge of the mathematical parameters in the differential equation to be able to compute trajectories of the system. Then knowledge on each physical parameter is not so important. In this case l, and are estimated.
5.l.l. Estimating the physical parameters. The estimation of the physical parameters was separated into two parts:
1. Estimation of rn and 1 with given values for k2 and k3 (used in the simulation): Using all the periodic points depicted in Figure 4 , corresponding to the unstable periodic orbits up to period 5, resulted in the estimates given in Table I . The result that m and l can be estimated accurately implies that the periodic orbits contain necessary and sufficient Again, the estimation strategy of Figure 6 was followed, taking the experimental chaotic time series (see Van de Water et al., 1991) as the measured output.
For the experimental system, values for the friction parameters (k1cxl&dquo; k2,,,,,, and k3cxl') were estimated by Van de Water et al. (1991) 
